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Abstract. Classical problems in hypergraph coloring theory are to estimate the minimum number
of edges, m2prq (respectively, m˚2 prq), in a non-2-colorable r-uniform (respectively, r-uniform and
simple) hypergraph. The best currently known bounds are
c ¨ar{ log r ¨ 2r ď m2prq ď C ¨ r2 ¨ 2r and c1 ¨ r´ε ¨ 4r ď m˚2 prq ď C 1 ¨ r4 ¨ 4r,
for any fixed ε ą 0 and some c, c1, C, C 1 ą 0 (where c1 may depend on ε). In this paper we consider
the same problems in the context of DP-coloring (also known as correspondence coloring), which is a
generalization of list coloring introduced by Dvořák and Postle and related to local conflict coloring
studied independently by Fraigniaud, Heinrich, and Kosowski. Let rm2prq (respectively, rm˚2 prq)
denote the minimum number of edges in a non-2-DP-colorable r-uniform (respectively, r-uniform
and simple) hypergraph. By definition, rm2prq ď m2prq and rm˚2 prq ď m˚2 prq.
While the proof of the boundm˚2 prq “ Ωpr´34rq due to Erdős and Lovász also works for rm˚2 prq, we
show that the trivial lower bound rm2prq ě 2r´1 is asymptotically tight, i.e., rm2prq ď p1` op1qq2r´1.
On the other hand, when r ě 2 is even, we prove that the lower bound rm2prq ě 2r´1 is not sharp,
i.e., rm2prq ě 2r´1 ` 1. Whether this result holds for infinitely many odd values of r remains an
open problem. Nevertheless, we conjecture that the difference rm2prq ´ 2r´1 can be arbitrarily large.
Mathematics Subject Classification: 05D05, 05C15, 05C65, 05C35.
Keywords: hypergraph coloring, DP-coloring, correspondence coloring, extremal hypergraph theory.
1. Introduction
1.1. Hypergraph coloring
We use N to denote the set of all nonnegative integers and write N` :“ Nzt0u. For convenience,
each integer k P N is identified with the k-element set ti P N : i ă ku. A hypergraph H on a set X
of vertices is a collection of subsets of X, called the edges of H. A hypergraph H is r-uniform for
r P N` if |e| “ r for all e P H. An independent set in H is a subset I Ď X such that e Ę I for all
e P H. For k P N, a proper k-coloring of H is a mapping f : X Ñ k such that for each 0 ď i ă k,
the preimage f´1piq Ď X is an independent set in H.
Definition 1.1 (Erdős–Hajnal [EH61]). For r, k P N`, let mkprq denote the minimum |H| over all
r-uniform hypergraphs H that do not admit a proper k-coloring.
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We will be particularly interested in the case k “ 2. The known values of m2prq are:
m2p1q “ 1, m2p2q “ 3, m2p3q “ 7, and m2p4q “ 23.
The last of these was found by Östergård [Öst14] through an exhaustive computer search.
A simple first-moment argument due to Erdős [Erd63] shows that m2prq ě 2r´1 for all r P N`.
This bound was improved by Beck [Bec78] to m2prq ě r1{3´op1q2r, which in particular yields
lim
rÑ8
m2prq
2r´1 “ 8. (1.2)
Radhakrishnan and Srinivasan [RS00] improved Beck’s result further:
Theorem 1.3 (Radhakrishnan–Srinivasan [RS00]). m2prq “ Ωp
a
r{ log r ¨ 2rq.
Remark 1.4. This is a good place to mention hypergraph list coloring, which is a generalization
of ordinary hypergraph coloring that is analogous to list coloring of graphs. Since hypergraph list
coloring is not the focus of this paper, we shall not define it here; the definition and several relevant
results can be found, e.g., in [Kos06]. We point out, however, that Radhakrishnan and Srinivasan’s
lower bound extends, with the same proof, to the list coloring setting [Kos06, Remark 3].
The best known asymptotic upper bound on m2prq is due to Erdős [Erd64]:
Theorem 1.5 (Erdős [Erd64]). m2prq “ Opr2 ¨ 2rq.
Erdős and Lovász [EL75] conjectured that neither Theorem 1.3 nor Theorem 1.5 is sharp, and
that the correct order of magnitude is m2prq “ Θpr ¨ 2rq.
A hypergraph H is called simple, or linear , if |eX h| ď 1 for all distinct e, h P H. The following
is the analog of Definition 1.1 for simple hypergraphs:
Definition 1.6. For r, k P N`, letmk˚prq be the minimum |H| over all r-uniform simple hypergraphs
H without a proper k-coloring.
Using the Lovász Local Lemma, Erdős and Lovász [EL75] established the following bounds on mk˚prq:
Theorem 1.7 (Erdős–Lovász [EL75]). For all k ě 2,
lim
rÑ8
logmk˚prq
r
“ 2 log k.
Furthermore, there exist constants c, C ą 0 such that for all r P N`,
c ¨ r´3 ¨ 4r ď m2˚prq ď C ¨ r4 ¨ 4r.
The lower bound in Theorem 1.7 was improved by Szabó [Sza90] by a factor of r2´ε and then by
Kostochka and Kumbhat [KK09]:
Theorem 1.8 (Kostochka–Kumbhat [KK09]). For each ε ą 0, there is c ą 0 such that for all r ě 2,
m2˚prq ě c ¨ r´ε ¨ 4r.
Theorems 1.5 and 1.8 show that m2˚prq exceeds m2prq at least by a factor of order r´2´op1q2r.
1.2. Hypergraph DP-coloring
In this paper we introduce and study a generalization of hypergraph coloring, which we call hypergraph
DP-coloring. This is an extension of the similar concept for graphs (i.e., 2-uniform hypergraphs)
that was developed by Dvořák and Postle [DP15] under the name correspondence coloring. A related
notion of local conflict coloring was studied independently from the algorithmic point of view by
Fraigniaud, Heinrich, and Kosowski [FHK15].
It will be convenient to identify each function f with its graph, i.e., with the set tpx, yq : fpxq “ yu,
as this allows the use of set-theoretic notation, such as Ď, X, | ¨ |, etc., for functions. We write
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ϕ : X á Y to indicate that ϕ is a partial map from X to Y , i.e., a function defined on a subset of
X with values in Y . The set of all partial maps from X to Y is denoted by rX á Y s.
Let X be a set and let k P N`. Consider a family F Ď rX á ks of partial maps. Since we identify
functions with their graphs, each ϕ P F is a subset of the Cartesian product X ˆ k. Thus, we can
view F as a hypergraph on X ˆ k. In particular, we can apply to F adjectives such as “r-uniform.”
The domain dompFq of F is defined by
dompFq :“ tdompϕq : ϕ P Fu.
Thus, dompFq is a hypergraph on X. Note that F is r-uniform if and only if so is dompFq.
Definition 1.9. Let X be a set and let k P N`. We say that a function f : X Ñ k avoids a partial
map ϕ : X á k if ϕ Ę f . Given a family F Ď rX á ks of partial maps, a pk,Fq-coloring (or simply
an F-coloring if k is understood) is a function f : X Ñ k that avoids all ϕ P F .
Equivalently, viewing F as a hypergraph on X ˆ k, we can say that an F -coloring is an independent
set in F that intersects every fiber txu ˆ k, x P X, in precisely one vertex.
Definition 1.10. Let H be a hypergraph on a set X and let k P N`. A k-fold cover of H (or simply
a cover if k is understood) is a family of partial maps F Ď rX á ks such that:
– dompFq Ď H; and
– if dompϕq “ dompψq for some distinct ϕ, ψ P F , then ϕX ψ “ ∅.
If F is a k-fold cover of a hypergraph H, then for each e P H, we have |tϕ P F : dompϕq “ eu| ď k.
In other words, every edge of H is “covered” by at most k pairwise disjoint edges of F .
Definition 1.11. We say that a hypergraph H on a set X is k-DP-colorable if each k-fold cover F
of H admits a pk,Fq-coloring f : X Ñ k.
A k-DP-colorable hypergraph H is also k-colorable in the ordinary sense. To see this, consider the
k-fold cover of H formed by the maps of the form tpx, iq : x P eu, where e P H and 0 ď i ă k. The
following example illustrates Definition 1.11 and shows that k-DP-colorability is a strictly stronger
assumption than ordinary k-colorability:
Example 1.12. Let K34 be the complete 3-uniform hypergraph on 4 vertices, i.e., the hypergraph
on a 4-element set V “ tx0, x1, x2, yu given by K34 :“ te Ă V : |e| “ 3u. Any partition of V into a
pair of sets of size 2 induces a proper 2-coloring of K34. However, K34 is not 2-DP-colorable. Indeed,
consider the 2-fold cover F “ tϕi, ψi : 0 ď i ď 3u of K43 shown below:
x0 x1 x2 y
ϕ0 0 0 0
ψ0 1 1 1
ϕ1 0 1 0
ψ1 1 0 1
ϕ2 1 0 0
ψ2 0 1 1
ϕ3 0 1 0
ψ3 1 0 1
If f : V Ñ 2 is an F -coloring, then, because of ϕ0 and ψ0, the colors fpx0q, fpx1q, fpx2q cannot all
be the same. Hence, there exist some 0 ď i, j ď 2 such that
fpxiq “ 0 and fpxi`1q “ 1, while fpxjq “ 1 and fpxj`1q “ 0.
(Addition in the indices is interpreted modulo 3, i.e., x3 is another name for x0.) If fpyq “ 0, then
f Ą tpxi, 0q, pxi`1, 1q, py, 0qu P tϕ1, ϕ2, ϕ3u;
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on the other hand, if fpyq “ 1, then
f Ą tpxj , 1q, pxj`1, 0q, py, 1qu P tψ1, ψ2, ψ3u.
In both cases, f is not an F-coloring, which is a contradiction.
1.3. Results on DP-coloring with 2 colors
The following are the analogs of m2prq and m2˚prq in the context of DP-coloring:
Definition 1.13. For r, k P N`, let rmkprq (resp. rmkprq) denote the minimum |H| over all r-uniform
(resp. r-uniform and simple) hypergraphs H that are not k-DP-colorable.
Evidently, rmkprq ď mkprq and rmk˚prq ď mk˚prq for all r, k P N`, and it is easy to see thatrm2p1q “ m2p1q “ rm2˚p1q “ m2˚p1q “ 1 and rm2p2q “ m2p2q “ rm2˚p2q “ m2˚p2q “ 3.
As with graph DP-coloring, it is interesting to compare the behavior of hypergraph DP-coloring
with that of ordinary coloring. Usually, arguments that only rely on the “local” structure of the
problem transfer easily to the setting of DP-coloring. In particular, the Lovász Local Lemma-based
proof of Theorem 1.7 given in [EL75] extends verbatim to the DP-coloring framework, so we get the
following result “for free”:
Theorem 1.14. All claims of Theorem 1.7 hold with rm2˚prq in place of m2˚prq.
However, as we shall see, the situation for general, non-simple, hypergraphs is rather different.
Example 1.12 shows that rm2p3q ď 4, while m2p3q “ 7. The same straightforward first-moment
argument as for ordinary coloring yieldsrm2prq ě 2r´1 for all r P N`, (1.15)
and hence we in fact have rm2p3q “ 4. We shall also establish the following bounds:
9 ď rm2p4q ď 10 and 16 ď rm2p5q ď 17. (1.16)
The upper bounds in (1.16) are witnessed by constructions described in Section 2. The lower bound
on rm2p5q is an instance of (1.15), while the lower bound on rm2p4q follows from a more general
result stated below, namely Theorem 1.18. Vladimir Potapov (personal communication, 2018) has
improved the lower bound on rm2p5q to 17 and thus showed thatrm2p5q “ 17.
The exact value of rm2p4q remains unknown.
Before discussing general bounds on rm2prq, we should mention an important difference between
DP-coloring and ordinary coloring. Consider a hypergraph H on a set X and let f : X Ñ k be a
coloring that is not proper. Suppose that e P H is an f -monochromatic edge. We may try to make
e non-monochromatic by changing the color of a single vertex x P e, but then some other edge, say
h P H, that was not monochromatic before may become monochromatic. The proof of Theorem 1.3
due to Radhakrishnan and Srinivasan crucially relies on the observation that if this happens, then
e X h “ txu, i.e., e and h share only one vertex. The same conclusion would hold even for list
coloring; that is why Theorem 1.3 extends to the list coloring setting (see Remark 1.4). However, the
analog of this observation fails in the context of DP-coloring; and indeed, in Section 3 we prove the
following general upper bound, demonstrating the failure of the Radhakrishnan–Srinivasan bound
for DP-coloring:
Theorem 1.17. For all r P N`, we haverm2prq ď 2r´1 ` 2tr{2u “ p1` op1qq2r´1.
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According to Theorem 1.17, the asymptotic behavior of rm2prq is markedly different from that
of m2prq, as, in contrast to (1.2), the ratio rm2prq{2r´1 converges to 1 as r tends to infinity. This
makes improving the simple lower bound (1.15) surprisingly challenging. In this direction, we show
in Section 4 that (1.15) is not sharp for all even r:
Theorem 1.18. If r P N` is even, then rm2prq ě 2r´1 ` 1.
By way of contrast, there is little we can say about odd r. The bound (1.15) is trivially sharp
for r “ 1 and, due to Example 1.12, for r “ 3. Vladimir Potapov (personal communication, 2018)
found a way to generalize the construction in Example 1.12 to show thatrm2prq “ 2r´1 whenever r “ 3t for some t P N.
On the other hand, the result of Potapov mentioned earlier shows that (1.15) is not sharp for r “ 5.
The following natural questions remain open:
Problem 1.19. Is it true that there exist arbitrarily large odd r P N` for which rm2prq ě 2r´1 ` 1?
Do there exist any r P N` such that rm2prq ě 2r´1 ` 2? Is it true that, in fact,
lim sup
rÑ8
prm2prq ´ 2r´1q “ 8?
1.4. Further results
Suppose that F Ď rX á 2s is a finite r-uniform family of partial functions that does not admit an
F-coloring. If f : X Ñ 2 is a uniformly random 2-coloring, then we have
1 “ P rf Ě ϕ for some ϕ P Fs ď
ÿ
ϕ PF
P rf Ě ϕs “ |F |2r . (1.20)
Therefore, |F | ě 2r. Furthermore, if |F | “ 2r, then the inequality in (1.20) is non-strict, which
means that the events tf Ě ϕu, ϕ P F , are pairwise incompatible. To put this another way, for
any two distinct maps ϕ, ψ P F , there is some x P dompϕq X dompψq such that ϕpxq ‰ ψpxq. An
obvious example of an r-uniform family F of size 2r with this property is the set of all functions
from r to 2. Krotov [Kro01], motivated by applications in coding theory, found several constructions
of r-uniform families F Ď rpr ` 1q á 2s of size 2r with this property and, in particular, proved that
their number is doubly-exponential in r.
Say that a family F Ď rX á 2s is binary if for all e P dompFq, we have
|tϕ P F : dompϕq “ eu| ď 2.
In particular, if F is a 2-fold cover of a hypergraph on X, then F is binary (but not every binary
family is a 2-fold cover). In Section 2, we establish the following fact:
Theorem 1.21. For every r P N`, there exists a binary r-uniform family F Ď rNá 2s of size 2r
without an F-coloring.
Similarly, a family F Ď rX á ks is unary if for all distinct ϕ, ψ P F , we have dompϕq ‰ dompψq.
Studying F -colorings for unary families F is related to graph separation choosability, introduced by
Kratochvíl, Tuza, and Voigt in [KTV98]. The 2-uniform case has been recently studied by Dvořák,
Esperet, Kang, and Ozeki [Dvo+18] under the name least conflict choosability.
By analogy with rmkprq, we define the following parameter:
Definition 1.22. For r ě 2, let rm1kprq denote the smallest cardinality of a unary r-uniform family
F Ď rNá ks without an F-coloring.
The value rm12prq can be equivalently defined as the smallest number of clauses in an unsatisfiable
instance of r-SAT where all the clauses use distinct r-element sets of variables. We are not aware of
any previous study of rm12prq from the computer science perspective.
In contrast to Theorem 1.21, we show that the lower bound rm12prq ě 2r is never sharp:
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Theorem 1.23. For all r ě 2, we have rm12prq ě 2r ` 1.
Theorem 1.23 is proved in Section 4, alongside with Theorem 1.18. We also establish the following
upper bound:
Theorem 1.24. For all r ě 2, we have rm12prq ď 2r ` 2rr{2s.
We prove Theorem 1.24 in Section 3 and then derive Theorem 1.17 as a corollary.
2. Constructions
2.1. 4-Uniform hypergraphs
In this subsection we prove that rm2p4q ď 10; in other words, we construct a non-2-DP-colorable
4-uniform hypergraph with 10 edges. To begin with, we need a lemma:
Lemma 2.1. Let K45 be the complete 4-uniform hypergraph on a 5-vertex set V “ tx0, x1, x2, y0, y1u.
(a) There is a 2-fold cover F‰ of K45 such that if f : V Ñ 2 is an F‰-coloring, then fpy0q ‰ fpy1q.
(b) There is a 2-fold cover F“ of K45 such that if f : V Ñ 2 is an F“-coloring, then fpy0q “ fpy1q.
Proof. (a) We claim that the cover F‰ “ tϕi, ψi : 0 ď i ď 4u shown in Fig. 1 on the left is as
desired. Indeed, suppose that f : V Ñ 2 is an F‰-coloring such that fpy0q “ fpy1q. Without loss of
x0 x1 x2 y0 y1
ϕ0 0 1 0 0
ψ0 1 0 1 1
ϕ1 1 0 0 0
ψ1 0 1 1 1
ϕ2 0 1 0 0
ψ2 1 0 1 1
ϕ3 0 0 0 0
ψ3 1 1 1 1
ϕ4 0 0 0 1
ψ4 1 1 1 0
x0 x1 x2 y0 y1
χ0 0 1 0 1
ρ0 1 0 1 0
χ1 1 0 0 1
ρ1 0 1 1 0
χ2 0 1 0 1
ρ2 1 0 1 0
χ3 0 0 0 0
ρ3 1 1 1 1
χ4 0 0 0 0
ρ4 1 1 1 1
Figure 1. The families F‰ (left) and F“ (right).
generality, assume that fpy0q “ fpy1q “ 0. Then, because of ϕ3 and ψ4, the colors fpx0q, fpx1q, and
fpx2q cannot all be the same. Hence, there exists some 0 ď i ď 2 with fpxiq “ 0 and fpxi`1q “ 1.
(Addition in the indices is interpreted modulo 3, i.e., x3 is another name for x0.) But then
f Ą tpxi, 0q, pxi`1, 1q, py0, 0q, py1, 0qu P tϕ0, ϕ1, ϕ2u,
which is a contradiction.
(b) The desired cover is F“ “ tχi, ρi : 0 ď i ď 4u shown in Fig. 1 on the right. The proof is
analogous to the proof of (a), and we omit it. 
Now we are ready to prove that rm2p4q ď 10. Let X0, X1, and Y be three pairwise disjoint sets
with |X0| “ |X1| “ 3 and |Y | “ 2. For i P t0, 1u, let Hi be the complete 4-uniform hypergraph on
Xi Y Y and let H :“ H0 YH1. Let the elements of Y be y0 and y1. Using Lemma 2.1(a), we find a
2-fold cover F0 of H0 such that if f : X0 Y Y Ñ 2 is an F0-coloring, then fpy0q ‰ fpy1q. Similarly,
Lemma 2.1(b) gives us a 2-fold cover F1 of H1 such that if f : X1 Y Y Ñ 2 is an F1-coloring, then
fpy0q “ fpy1q. Then F :“ F0 YF1 is a 2-fold cover of H without an F -coloring. This shows that H
is not 2-DP-colorable, and hence rm2p4q ď |H| “ 10, as desired.
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2.2. 5-Uniform hypergraphs
In this subsection we prove that rm2p5q ď 17.
Lemma 2.2. Let X “ tx0, x1, x2u and Y “ ty0, y1, y2u be two disjoint 3-element sets and let v be
an additional vertex not in X Y Y . Let H be the 5-uniform hypergraph on X Y Y Y tvu given by
H :“ te Ă X Y Y Y tvu : |eXX| “ |eX Y | “ 2 and v P eu.
There exists a 2-fold cover F for H such that if f : X Y Y Y tvu Ñ 2 is an F -coloring, then we have
fpx0q “ fpx1q “ fpx2q or fpy0q “ fpy1q “ fpy2q.
Proof. Consider any e P H. There exist (unique) indices i and j such that
e “ txi, xi`1, yj , yj`1, vu,
where addition is interpreted modulo 3. Define ϕe, ψe : eÑ 2 as follows:
ϕe :“ tpxi, 0q, pxi`1, 1q, pyj , 0q, pyj`1, 1q, pv, 0qu,
ψe :“ tpxi, 1q, pxi`1, 0q, pyj , 1q, pyj`1, 0q, pv, 1qu,
and set F :“ tϕe, ψe : e P Hu. By construction, F is a 2-fold cover of H. Suppose that f is an
F -coloring. Without loss of generality, assume that fpvq “ 0. If neither fpx0q “ fpx1q “ fpx2q nor
fpy0q “ fpy1q “ fpy2q, then we can choose indices i and j so that
fpxiq “ fpyjq “ 0 and fpxi`1q “ fpyj`1q “ 1.
But then ϕe Ă f for e :“ txi, xi`1, yj , yj`1, vu; a contradiction. Thus, F is as desired. 
Lemma 2.3. Let X “ tx0, x1, x2u and Y “ ty0, y1, y2u be two disjoint 3-element sets and let H be
the 5-uniform hypergraph on X Y Y given by
H :“ te Ă X Y Y : |eX Y | “ 2 and X Ă eu.
There exists a 2-fold cover F of H such that if f : X YY Ñ 2 is an F -coloring with fpx0q “ fpx1q “
fpx2q, then fpy0q “ fpy1q “ fpy2q.
Proof. It is straightforward to verify that the family F “ tϕi, ψi : 0 ď i ď 2u shown in Fig. 2
has all the desired properties. 
x0 x1 x2 y0 y1 y2
ϕ0 0 0 0 0 1
ψ0 1 1 1 1 0
ϕ1 0 0 0 1 0
ψ1 1 1 1 0 1
ϕ2 0 0 0 0 1
ψ2 1 1 1 1 0
Figure 2. The family F in Lemma 2.3.
Let X “ tx0, x1, x2u, Y “ ty0, y1, y2u, and Z “ tz0, z1, z2u be three pairwise disjoint 3-element
sets and let v be an additional vertex not in X Y Y Y Z. We shall build a non-2-DP-colorable
5-uniform hypergraph on XYY YZYtvu with 17 edges in four stages. First, let H0 be the 5-uniform
hypergraph on X Y Y Y tvu given by
H0 :“ te Ă X Y Y Y tvu : |eXX| “ |eX Y | “ 2 and v P eu,
i.e., as in Lemma 2.2, and let F0 be a 2-fold cover of H0 such that if f : X Y Y Y tvu Ñ 2 is an
F0-coloring, then fpx0q “ fpx1q “ fpx2q or fpy0q “ fpy1q “ fpy2q. Second, as in Lemma 2.3, let
H1 :“ te Ă X Y Y : |eX Y | “ 2 and X Ă eu
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and let F1 be a 2-fold cover of H1 such that if f : XYY Ñ 2 is an F1-coloring with fpx0q “ fpx1q “
fpx2q, then fpy0q “ fpy1q “ fpy2q. Third, let
H2 :“ te Ă Y Y Z : |eX Z| “ 2 and Y Ă eu
apply Lemma 2.3 with Y in place of X and Z in place of Y to obtain a 2-fold cover F2 of H2 such
that if f : Y Y Z Ñ 2 is an F2-coloring with fpy0q “ fpy1q “ fpy2q, then fpz0q “ fpz1q “ fpz2q.
Finally, let
H3 :“ tty0, y1u Y Z, ty1, y2u Y Zu
and set F3 “ tϕ0, ψ0, ϕ1, ψ1u to be the 2-fold cover of H3 shown in Fig. 3.
y0 y1 y2 z0 z1 z2
ϕ0 0 0 0 0 0
ψ0 1 1 1 1 1
ϕ1 1 1 0 0 0
ψ1 0 0 1 1 1
Figure 3. The family F3.
Consider the hypergraph H :“ H0YH1YH2YH3. It is 5-uniform and, since the hypergraphs H0,
H1, H2, andH3 are pairwise edge-disjoint, we have |H| “ |H0|`|H1|`|H2|`|H3| “ 9`3`3`2 “ 17.
The family F :“ F0 YF1 YF2 YF3 is a 2-fold cover of H, and we claim that there is no F -coloring.
Indeed, suppose that f : X Y Y Y Z Y tvu Ñ 2 is an F -coloring. Since f is an F0-coloring, we have
fpx0q “ fpx1q “ fpx2q or fpy0q “ fpy1q “ fpy2q, and since f is also an F1-coloring, we conclude
that fpy0q “ fpy1q “ fpy2q. Since f is an F2-coloring, this implies fpz0q “ fpz1q “ fpz2q. But then
f is not an F3-coloring—a contradiction.
2.3. Binary families
In this subsection we prove Theorem 1.21. The proof is by induction on r P N`. For r “ 1, the
conclusion of Theorem 1.21 is obvious, so suppose that r ą 1 and that Theorem 1.21 holds with
r ´ 1 in place of r. For i P t0, 1u, let Fi Ď rXi á 2s be a binary pr ´ 1q-uniform family of size 2r´1
without an Fi-coloring, where we assume that X0 XX1 “ ∅. Let v be an additional vertex not in
X0 YX1. Set X :“ X0 YX1 Y tvu and define F Ď rX á 2s by
F :“ tϕY tpv, 0qu, ψ Y tpv, 1qu : ϕ P F0, ψ P F1u.
Clearly, the family F is binary and r-uniform, and we have |F | “ 2r. It remains to show that there
is no F-coloring. To that end, consider any f : X Ñ 2. By the choice of F0 and F1, there exist
some ϕ P F0 and ψ P F1 with ϕ, ψ Ă f . If fpvq “ 0, then ϕY tpv, 0qu Ă f , while if fpvq “ 1, then
ψ Y tpv, 1qu Ă f ; in either case, f is not an F-coloring.
3. Upper bounds
3.1. Reduction of Theorem 1.17 to Theorem 1.24
Lemma 3.1. For all r ě 3, we have rm2prq ď rm12pr ´ 1q and rm12prq ď 2 ¨ rm12pr ´ 1q.
Proof. Set m :“ rm12pr´1q. Let F Ď rX á 2s be a unary pr´1q-uniform family of size m without
an F-coloring (such F exists by the choice of m). Let v be an additional vertex not in X and let
F˚ :“ tϕY tpv, 0qu, ϕY tpv, 1qu : ϕ P Fu,
where ϕ : dompϕq Ñ 2 is given by ϕpxq :“ 1´ ϕpxq. Clearly, F˚ is a 2-fold cover of the r-uniform
hypergraph H :“ dompF˚q and |H| “ m. Suppose that f : X Y tvu Ñ 2 is an F˚-coloring. Without
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loss of generality, assume that fpvq “ 0. By the choice of F , there is some ϕ P F such that ϕ Ă f .
But then ϕY tpv, 0qu Ď f , so f is not an F˚-coloring—a contradiction. This shows that rm2prq ď m.
The proof of the inequality rm12prq ď 2m is almost identical to the proof of Theorem 1.21 given in
§2.3, so we omit it. 
In view of Lemma 3.1, Theorem 1.17 follows from Theorem 1.24 and, furthermore, it is enough to
prove Theorem 1.24 for even r, which is done in the next subsection.
3.2. Proof of Theorem 1.24 for even r
Lemma 3.2. Let X “ tx0, . . . , xr´1u and Y “ ty0, . . . , yr´1u be two disjoint sets of cardinality
r P N`. Let H be the r-uniform hypergraph on X Y Y given by
H :“ te Ă X Y Y : |eX txi, yiu| “ 1 for all 0 ď i ď r ´ 1u.
Then there exists a unary family F Ă rX Y Y á 2s such that
dompFq “ H,
and every F-coloring f : X Y Y Ñ 2 satisfies the following:
– fpxiq ‰ fpyiq for all 0 ď i ď r ´ 1;
– the number of indices i such that fpxiq “ 1 is odd.
Proof. Consider any e P H. By the definition of H, we can write
e “ tz0, . . . , zr´1u,
where zi P txi, yiu for each 0 ď i ď r ´ 1. Define a map ϕe : eÑ 2 as follows:
ϕpziq :“
#
0 if zi`1 “ xi`1;
1 if zi`1 “ yi`1.
(Addition in the indices is interpreted modulo r, i.e., xr, yr, and zr are other names for x0, y0, and
z0 respectively.) Let F :“ tϕe : e P EpHqu. Clearly, F is a unary family such that dompFq “ H.
We claim that F is as desired.
Let f : X Y Y Ñ 2 be an arbitrary F-coloring. Construct an edge e “ tz0, . . . , zr´1u P H
inductively as follows: Set z0 :“ x0, and for each 0 ď i ď r ´ 2, let
zi`1 :“
#
xi`1 if fpziq “ 0;
yi`1 if fpziq “ 1. (3.3)
By definition, ϕepziq “ fpziq for each 0 ď i ď r ´ 2. But, since f is an F-coloring, we have ϕe Ć f .
Hence, it must be that fpzr´1q ‰ ϕepzr´1q “ 0, i.e., fpzr´1q “ 1. Therefore, 1 P tfpxr´1q, fpyr´1qu.
Repeating the same argument starting with z0 “ y0, we also obtain that 0 P tfpxr´1q, fpyr´1qu, and
thus fpxr´1q ‰ fpyr´1q. Since the family F is invariant under cyclic permutations of the indices,
we conclude that fpxiq ‰ fpyiq for all 0 ď i ď r ´ 1.
Now let us have another look at the edge e “ tz0, . . . , zr´1u built using (3.3) starting with z0 “ x0.
Let S :“ t0 ď i ď r ´ 1 : fpxiq “ 1u and set Si :“ S X t0 ď j ă iu. We claim that, for each i,
zi “ xi ðñ |Si| is even. (3.4)
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Indeed, (3.4) holds trivially for i “ 0. Suppose that (3.4) holds for some i ď r ´ 2. Then
zi`1 “ xi`1 ðñ fpziq “ 0
rsince fpxiq ‰ fpyiqs ðñ pzi “ xi and fpxiq “ 0q or pzi “ yi and fpxiq “ 1q
ðñ pzi “ xi and i R Sq or pzi “ yi and i P Sq
rby the inductive hypothesiss ðñ p|Si| is even and i R Sq or p|Si| is odd and i P Sq
ðñ |Si`1| is even,
as desired. Applying (3.4) with i “ r ´ 1, we obtain
zr´1 “ xr´1 ðñ |Sr´1| is even.
But we already know that fpzr´1q “ 1. This means that if zr´1 “ xr´1, then r ´ 1 P S, so
|S| “ |Sr´1| ` 1 is odd. On the other hand, if zr´1 “ yr´1, then fpxr´1q “ 0, so r ´ 1 R S and
|S| “ |Sr´1| is odd again. In any case, |S| is odd, as claimed. 
With Lemma 3.2 in hand, we proceed to prove Theorem 1.24 for even r.
Proof of Theorem 1.24 for even r. Let r P N` be even and set ` :“ r{2. Let X “
tx0, . . . , x`´1u, Y “ ty0, . . . , y`´1u, Z “ tz0, . . . , z`´1u, and W “ tw0, . . . , w`´1u be four disjoint
sets, each of size `. Let H be the r-uniform hypergraph on X Y Y Y Z YW given by
H :“ te Ă X Y Y Y Z YW : |eX txi, yiu| “ 1 and |eX tzi, wiu| “ 1 for all 0 ď i ď `´ 1u.
According to Lemma 3.2, there is a unary family F Ă rXYY YZYW á 2s such that dompFq “ H,
and every F-coloring f : X Y Y Y Z YW Ñ 2 satisfies the following:
(i) fpxiq ‰ fpyiq and fpziq ‰ fpwiq for all 0 ď i ď `´ 1;
(ii) the cardinality of the set tu P X Y Z : fpuq “ 1u is odd.
Let H1 be the `-uniform hypergraph on X YW given by
H1 :“ te Ă X YW : |eX txi, wiu| “ 1 for all 0 ď i ď `´ 1u,
and apply Lemma 3.2 again to obtain a unary family F 1 Ă rX YW á 2s such that dompF 1q “ H1,
and every F 1-coloring f : X YW Ñ 2 satisfies the following:
(iii) fpxiq ‰ fpwiq for all 0 ď i ď `´ 1.
Claim. There is no pF Y F 1q-coloring.
Proof. Suppose, towards a contradiction, that f : X Y Y Y Z YW Ñ 2 is an pF Y F 1q-coloring.
From (i) and (iii), it follows that fpxiq “ fpziq for all 0 ď i ď `´ 1. But then
|tu P X Y Z : fpuq “ 1u| “ 2 ¨ |tx P X : fpxq “ 1u| ” 0 pmod 2q,
contradicting (ii). %
Note that |F Y F 1| “ |F | ` |F 1| “ |H| ` |H1| “ 2r ` 2`, so F Y F 1 is a unary family of the desired
size without a coloring. The only problem is that this family is not r-uniform. To fix this, define an
r-uniform family F2 as follows. For each ϕ P F 1, let rϕ : X Y Y Y Z YW á 2 be given by
rϕpuq :“
$’’’&’’’%
ϕpuq if u P dompϕq;
1´ ϕpxiq if xi P dompϕq and u “ yi;
1´ ϕpwjq if wj P dompϕq and u “ zj ;
undefined otherwise.
The domain of rϕ is obtained from dompϕq by adding all yi and zj with xi, wj P dompϕq. Set
F2 :“ trϕ : ϕ P F 1u.
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Then F Y F2 is an r-uniform unary family of size 2r ` 2`, and we claim that there is no pF Y F2q-
coloring. Indeed, suppose that f : X Y Y Y Z YW Ñ 2 is an pF Y F2q-coloring. Since f cannot be
an F 1-coloring, there is some ϕ P F 1 with ϕ Ă f . But then, from (i), it follows that rϕ Ă f , which is
a contradiction. 
4. Lower bounds
4.1. Families of weight 1
We shall deduce Theorems 1.18 and 1.23 from a more general statement about families of partial
maps that are not necessarily uniform. Before we can state it, we need to introduce a few definitions.
For a map ϕ : AÑ 2, where A is a finite set, the weight wpϕq of ϕ is defined by
wpϕq :“ 2´|ϕ|.
Given a finite set X and a family F Ď rX á 2s, define the weight wpFq of F via
wpFq :“
ÿ
ϕPF
wpϕq.
Lemma 4.1. Let X be a finite set and let F Ď rX á 2s be a family of partial maps without an
F-coloring. Then wpFq ě 1. Furthermore, if wpFq “ 1, then |tϕ P F : ϕ Ď fu| “ 1 for all f P 2X .
Proof. Pick a coloring f P 2X uniformly at random. Then
1 “ P rf Ě ϕ for some ϕ P Fs ď
ÿ
ϕ PF
P rf Ě ϕs “ wpFq, (4.2)
and hence wpFq ě 1. Now suppose that wpFq “ 1. Then the inequality in (4.2) is non-strict, which
implies that |tϕ P F : ϕ Ď fu| ď 1 for all f P 2X . On the other hand, we have |tϕ P F : ϕ Ď fu| ě 1
for all f P 2X since there is no F-coloring. 
Definition 4.3. Let X be a finite set and let F Ď rX á 2s. For S Ď X, define
FS :“ tϕ P F : dompϕq Ě Su,
and for i P t0, 1u, let F iS be the set of all ϕ P FS such that
ř
xPS ϕpxq ” i pmod 2q.
The following lemma is the main result of this subsection:
Lemma 4.4. Let X be a finite set and let F Ď rX á 2s. Then, for any S Ď X, we have
wpF0Sq ´ wpF1Sq “ 2´|X|
ÿ
f P 2X
p´1q
ř
xPS fpxq|tϕ P F : ϕ Ď fu|. (4.5)
Proof. By summing over ϕ P F first, we can rewrite the right-hand side of (4.5) as follows:
2´|X|
ÿ
ϕ PF
ÿ
f Ěϕ
p´1q
ř
xPS fpxq,
where the inner summation is over all f P 2X with f Ě ϕ.
Claim. Fix any ϕ : X á 2. Then, for each S Ď X, we haveÿ
f Ěϕ
p´1q
ř
xPS fpxq “
$&% wpϕq ¨ 2|X| ¨ p´1q
ř
xPS ϕpxq if S Ď dompϕq;
0 if S Ę dompϕq.
(4.6)
Proof. If S Ď dompϕq, then ÿ
xPS
fpxq “
ÿ
xPS
ϕpxq for all f Ě ϕ,
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and, since the number of extensions f Ě ϕ is equal to 2|X|´|ϕ| “ wpϕq ¨ 2|X|, we obtain the first
case of (4.6). On the other hand, if S Ę dompϕq, then precisely half of the extensions f Ě ϕ satisfyř
xPS fpxq ” 0 pmod 2q, which yields the second case of (4.6). %
Using the above claim, we conclude that
2´|X|
ÿ
ϕ PF
ÿ
f Ěϕ
p´1q
ř
xPS fpxq “
ÿ
ϕ PFS
wpϕq ¨ p´1q
ř
xPS ϕpxq
“
ÿ
ϕ PF0S
wpϕq ´
ÿ
ϕ PF1S
wpϕq “ wpF0Sq ´ wpF1Sq,
as desired. 
Corollary 4.7. Let X be a finite set and let F Ď rX á 2s be a family of weight 1. If there is no
F-coloring, then for every ∅ ‰ S Ď X, we have
wpF0Sq “ wpF1Sq.
Proof. Due to Lemma 4.1, |tϕ P F : ϕ Ď fu| “ 1 for all f P 2X . Hence, Lemma 4.4 yields that
for each S Ď X, we have
wpF0Sq ´ wpF1Sq “ 2´|X|
ÿ
f P 2X
p´1q
ř
xPS fpxq. (4.8)
If S ‰ ∅, then precisely half of the maps f P 2X satisfy řxPS fpxq ” 0 pmod 2q, and hence the
right-hand side of (4.8) is zero, as desired. 
4.2. Proofs of Theorems 1.18 and 1.23
For the reader’s convenience, we state Theorem 1.18 again:
Theorem 1.18. If r P N` is even, then rm2prq ě 2r´1 ` 1.
Proof. Suppose, toward a contradiction, that H is a non-2-DP-colorable r-uniform hypergraph
with 2r´1 edges and let F be a 2-fold cover of H without an F-coloring. Then
wpFq “ |F | ¨ 2´r ď 2 ¨ |H| ¨ 2´r “ 1, (4.9)
and hence in fact wpFq “ 1 by Lemma 4.1. Therefore, by Corollary 4.7, we have wpF0Sq “ wpF1Sq
for all S ‰ ∅. Consider any e P H. Since wpFq “ 1, the inequality in (4.9) cannot be strict, and
hence |F | “ 2|H|. This means that Fe “ tϕ,ϕu for some ϕ : eÑ 2 (where ϕ is the function from e
to 2 given by ϕpxq :“ 1´ ϕpxq). Since |e| “ r is even, we haveÿ
xPe
ϕpxq ”
ÿ
xPe
ϕpxq pmod 2q,
and thus exactly one of the sets F0e , F1e is nonempty, yielding wpF0e q ‰ wpF1e q; a contradiction. 
A similar argument yields the following strengthening of Theorem 1.23:
Theorem 4.10. Let X be a finite set and let F Ď rX á 2s be a family of weight 1 with no
F-coloring. Then for every ϕ P F , there is ψ P Fztϕu such that dompψq Ě dompϕq.
Proof. By Corollary 4.7, we have wpF0Sq “ wpF1Sq for all ∅ ‰ S Ď X. Suppose that ϕ P F is
such that dompψq Ğ dompϕq for all ψ P Fztϕu and let S :“ dompϕq. Then FS “ tϕu, so exactly
one of the sets F0S , F1S is nonempty. Hence, wpF0Sq ‰ wpF1Sq—a contradiction. 
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